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Let h*{R*c*—l*r*)=bH*, R*c/l*=d. 

Then A=(l/h)y {(r 8 -w2)[J) a +(u + d) 8 ]}. 

This can be integrated by a process similar to that employed by Professor 
Finkel in Vol. V, No. 1, page3 20, 21. 

1 J? 

Let Rc-lr, then A =- r (to+i?r) l /(r s -tt 8 )=- r (cw + r s )v / (» ,s -M 2 ). 



•. V 
'2,nRr 



rh 

(u-\-c) 2 du 
|/(r 8 -w*) 



1RC< , aw, 2 .^ ,2flrf (w+c) 2 d 
(2r2+c s ). 



111. Proposed by 6. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physios, The Temple College, 
Philadelphia, Pa. 

(a). Find the dimensions of a cup, capacity c, in the form of a frustum of a regular 
pyramid of n faces, so that its internal surface is a minimum. 

(6). Find the dimensions of a cup, capacity c, in the form of a frustum of a hyper- 
bolioid or of a paraboloid, whichever it is, so that its internal surface is a minimum. 

Solution by the PROPOSER. 

(a). Let P0=»;, PG=y, Z A0B= Z DGE='2n /n, AO=r, where is the 
center of the circle circumscribing the larger base and Cr the 
center of the circle circumscribing the smaller base. 

Then DG=ry/x, AB=2rsm{n/n), DE={2ry/x)am 
(tt/m).. Area D(?E=(r s 3/ 8 /a; 8 )8in(7r/n)co8(7r/n). 

.•. Area of upper b&ae=(nr i y i /x i am(n/n)coa(n/n). 

J»C= 1 /(i 5 ^ 8 -^p 8 )=-|/[a; 8 +r 8 -r- 8 sin 8 (^/>i) 
=,/|> 8 +r 8 co8 s (7r/n). 

Similarly DF^y/x)^^ +r 8 cos s O/«)]. 

Area ADEB=ram{7r/n) v / [x s +r s coa s (7t/n)][(x i —y i )/x i '\. 

The surface is the least when the upper or smaller base is the bottom of 
the cup. 

Total surface of cup=ii, volume— c. 

~ — H £-sin(7r/n)cu8{7i/n) 

XIX 

j^ — J. Let (r/a;)co8(7r/n)=tan#. 

.•.u=nta,r\ffsecdsee{jT/n)am{7t/n){.x 2 — y i ) + ny 2 t&n 2 ffaec(7r/n)a\n{7r/n).{l). 
c=intan i 0aec{7t/n)s'm(.n/n){x s -y s ) . . . .(2). 
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Differentiating (1) and (2) we get 

& /^U _ 2] jL = J/!.... (4 ). 

ay \ sec(7 J x % ay x 3 

dx__ _ (sec 8 6>+tan 8 fl)(a; 8 — y 8 ) + 22/ 8 8ecfltanfl . 

dO~ 2xt&nd ....16). 

<fa_ 2sec 2 &(x s —y 3 ) 

dt)~~ 3x*tan0 ••■■W- 

From (3) and (4) y=x{\ — s,m6) (7). 

4sec 8 6(x 3 iy s 1 

From (5) and (6), sec*0+tan*0)(a;*-2/ 8 )+23/»sec0tari0=— g 2-A 

This reduces to (l+sin*0)(x*— y*)+22/*sin0=4(a: 8 -y 8 )/3a;. . . .(8). 

(7) in (8) gives (3-8sin0 + 3sin 2 0)sin0=O. 
.-. sin0=Oor i(4±]/7). 
sin# cannot be zero nor greater than unity. 
.-. Bin0=*(4-i/7)....(9). 



From (7) and (9), 3y=x{y/7—l) (11). 

(10) anddl,^ gives ^Pgg±g*)! 

From(ll),^W7-l)^4S^)- 

,.-,=,-W,/7-l)=W4-^7)^(^^)Ultitude. 

J . , . % / (91 + 88,/7)c 8 \* . N 
r=*t>°fa«°(*/«H 98nHa nW) > ec(?r/w) - 

ilfl=2rsin(»r/n)=2 (-li±_J^_)tan(*/n), side lower base. 

p£ = ^ sin(7r/M) =2 ( 4 ( ^XI~U/n) ) tan(7r / w )' side u PP er ba8e - 

(2). Let 2/ 8 =4aa; be the equation to the parabola, then we get from the 
Integral Calculus the two equations, between the limits x 3 and x i , 

u=f 7t l /a{{x s +a)i - (a;, +a)* ] 4-4waa; 1 .... (1). 
c=2a-a(a; s 8 — a;, 8 ). . . .(2). 

From (1) and (2), by differentiation, we get 



148 

dx 2== (x, +a)* -y/a dx 2== x, 

dx, (x 2 +a)4 '' dx, x 2 

dx 2 _ (x 2 +a)'' — (x, + a)t + 3a(x 2 -f a)* — Sa^+a.)* + 3j/a x, 
rfa 3a(x 2 +a)* 



.(5). 



da 2ax 2 

From (3) and (4) by eliminating dx % /dx x we get 

xJ — 2x,i/[a(x<,+a,)~\ , n ,_ x 

at — _s 2j^_^_2 £J-and *,=0 (7). 

z 2 + a 

Eliminating dx i /da between (5) and (6) and substituting the first value of 
x t from (7) in the resulting equation, we get after reduction 

36x s s — 100ax 2 8 -279a 2 x 2 -144a 3 =0. . . (8). 

Let a/x 2 =2 and (8) becomes 

144z 8 +279z s + 1002-36=0 ...(9). 

Let z=v— f|- and (9) becomes 

"•-tf*!«- 1 AMft=0----(iO). 

.-. t) a =.861506, z t =.215673. 
»„=-. 445379, z s =l. 094212. 
« S =-.416I38, z 3 =-1.061971. 
.-. a=.215673x !! , -l.094212x 2 , or —1.061971a:,. 

o cannot be negative. The first value of a gives x,=— .019813x s , a nega- 
tive value and therefore not admissible. From this we learn that the second 
value of x, in (7), x 1 =-0 is the possible value and the cup is not a frustum of a 
paraboloid, but a paraboloid, a cup with a curved bottom. 
x 1 =0 in (5) and (6) x 2 2 — 15ax 2 +48a 8 =0. 

15±i/83 lS-i/88 „,,. t . , . ... . 

. . x 2 = = a. .•. x 2 = £ a. . .(ll)is the admissible value. 



From (11) and (2), g,=( (15 4 ^ 83 -^-)=altitude of cup. 

_/ (43+5]/33)c y_/ 2c \t 

a— \ 3072* )~\7t(15-i/3'd) 2 )' 

2/ 2 =2,/ax 2 = 2( 38 ^.8 ) radius of top. 
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, V ((^37+215,/33)4, ca y [(3298 _ 45Qi/33)i _ 2] 



MECHANICS. 

116. Proposed by 0. L. CHILTON, Greensboro, Ala. 

Given, the shaft ABC attached at one end by a pivot to the piston-rod of an engine 
(at A) and the other to a crank of the wheel GDE (at C). The shaft moves through the 
distance of two feet in one second from A to B and at the same time turns the crank from 
C to E. The force propelling the shaft along the constrained course from A to B is 5760 
pounds. The mass of the rod and wheel and friction being not considered, what would be 
the kinetic energy of the machine? or the sum of the moment around (/, the center of the 
wheel? 



Solution by S. B. M. ZEER, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 

Let AC, the connecting rod=Z, 0C=r=one foot, Z A 00=0, force 5760 
pounds along AO=P, component of P along AC=Q. Then moment of crank 
effect about 0=Q.0M. In the right triangles AOM, AON, AO:OM=AN:ON. 

.-.P:0M=Q:0N. 

.-. Q.OM=P.ON. 

Also ON:00=amOCN:amONC. 

LetlOAC=<p. Then Z 0NC=in-cp, Z 0CN\ 
= 6+<p. 

„, T rsin(#+<z>) . n , rcos0sin<z> 

.-. ON = - — =rsincU !—. 

COS<£> coa<p 




but sirups 



ramfi 



.-. ON=rain0- 



r s sin6 l cos9 



1/(12 -r s sm*V) " 



.•. moment=Prsin6>( 1 +- 



Now varies from to n. 



rcoaO \ 

1 /(J 2 -r 2 sin s 6'); 



•. Average moment= 



PrCainS^ 



1 



rcoaO 



1 /(i 2 -r 4 sin2^ 



)di 



2Pr 



f 



dV 



a result independent of the connecting rod. 

2Pr/7r=.6366Pr=3666.816 or 3667 pounds. 

117. Proposed by F. P. MATZ. M. So., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 

How much lower must one end of a heavy uniform chain, wound round the circum- 
ference of a perfectly rough vertical wheel, hang than the. other end, when the chain is on 
the point of motion? 



